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Sufficient conditions are presented for the boundedness of the solutions 
of a vector nonlinear Volterra integral equation of the second kind that fre- 
quently anses in the study of automatic control systems containing an arbi- 
trary finite number of time-varying nonlinear elements. Similar conditions 
are given for the boundedness of the solutions of the discrete analog of the 
integral equation. 

A direct application of the results yields a Nyquist-like frequency-domain 
condition for the "bounded-input implies bounded-output stability" of a 
large class of feedback systems containing a single time-varying nonlinear 
element. 

I. NOTATION AND DEFINITIONS 

Let M denote an arbitrary matrix. We shall denote by M' , A/*, 
and M~\ respectively, the transpose, the complex-conjugate transpose, 
and the inverse of M. The positive square root of the largest eigenvalue 
of il/*il/ is denoted by A{il/}, and l.v denotes the identity matrix of 
order N. 

The set of real measurable iV-vector-valued functions of the real 
variable / defined on [0, =c ) is denoted by 3C. V (0, *> ) and the jt\\ com- 
ponent of / e 3Cjv (0, 30 ) is denoted by /,- . 

The sets £„ N (0, * ) and £ 2 .v (0, =c ) are defined by 

£oo „(0,<x>) = {/|/f3C. v (0, C o),sup[/ , (0/(0] < <»} 

(SO 

£ 2 .v(0,oo) = y\f£3CjO,*>), J f'(t)f(t)dt< col 

The norm of / e £ 2 ,v (0, <*> ) is denoted by || / || and is defined by 
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H/ll = (f~f(tMt)dt\*. 

With this norm £ 2 * (0, » ) is a Banach space. 
Let y e (0, °° ) and define /„ by 

fyit) =f(t) for te[0,y] 
= for I > y 
for any / e 3C N (0, » ), and let 

S„ = {/|/c3Cy (0,»),/,eJB w (0,oo)for0 <?/<<*>}. 

With .4 an arbitrary real measurable N X N matrix-valued function 
of / with elements \a nm } defined on [0,°c ), let 3C pA r (p = 1,2) denote 



A | jf° | a nm (0 | *» < oo (n,m = 1, 2, • • •, .V)|. 

Let ^[f(0,<] denote 

(+i[fi(t),t)M2(t),t], ■■■ , Mf»(t),t}Y, fe3C N (0,cc) 

where \pi(w,t), \fa(w,t), • • • , iMw,0 are real-valued functions of the 
real variables w and i for — w < w < oo and ^ * < <» such that 
(0 ^ n (0,0 = Ofor t e [0,oo ) and n = 1, 2, • • • , AT 
(it) there exist real numbers a and with the property that 

a ^_^A ^ ( n =i,2,...,AT) 

for 2 e [0, oo ) and all real w ^ 0. 

(m)jMw(0i4(n = 1 > 2 ' ••• > N) is a measurable function of t 
whenever w(t) is measurable. 

The symbol s denotes a scalar complex variable with a = Re [s] 
and m = Im [s]. 

II. INTRODUCTION AND SUMMARY 

In the study of physical systems such as nonlinear automatic control 
systems containing an arbitrary finite number of time-varying nonlinear 
elements, attention is frequently focused on the properties of the 
equation 

git) = fit) + ( kit - tW(t),t]<*t, t ^ 
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in which g e &w ,f e 8* ,k(-) £ X^ , and ^[ • , • ] is as denned in the previous 
section. 

In Ref. 1, the following theorem is proved. 

Theorem 1: Let k e 3Ci W , and let 

V(t) = ll(t) + [ k(t - T)+[ll(T),T]dT, t ^ 

where v £ &2N (0, =0 ) and u £ 8>n . Let 

K(s) = [ k{t)e~ 8l dt, a ^ 0. 
•Jo 

Suppose that 

(i)det[U + $(a + P)K(s)]*0 for a ^ 
(it) 108 - a) sup A{[U + |(a + P)K(ia)] l K(iu)) < 1. 

_00<U <00 

Then u £ £ 2N (0,«> ), and there exists a positive constant p which depends 
only on k, a, and /? such that 

II i*ll SpIMI. 

The primary purpose of this paper is to prove the following related 
result. 

Theorem 2: Let t'k £ Xur PI Ufa far p = 0, 1, 2. Le* 

f(0 = /(0 + f k(t- r)^[/(r),r]dr, < ^ 

w/iere f £«* (0, =° ) and f £ S* . Lei 

K(s) = f Ht)e' st dt, a ^ 0. 
Jo 

Suppose that 

ii) det [U + !(<* + /3)/C(s)] ^ /or <r fc 
(») |(/3 - a) sup A{[U + !(« + W«)] ^(tw)} < 1. 

— 00<U<W 

Thenf £ £ k n (0,°o ), </iere exists a positive constant c which depends only 
on k, a, and /3 such that 

max sup \fj(t)\ ^ c max sup | flfy(OI» 

i *S0 J <go 

and fjit) -* as t -+ <*> for j = 1, 2, • • • , N whenever gjit) -* as 
j_> a, for j = 1,2, ■■■ ,N. 
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A direct application of Theorem 2 yields a frequency-domain condi- 
tion for the ^-stability 2 of a well-known type of feedback system. 
This is discussed in Section IV. In Section V, sufficient conditions are 
stated for the boundedness of the solutions of the discrete analog of the 
nonlinear integral equation considered in Theorem 2. In Section VI, we 
describe some additional results that can be proved by combining the 
methods of this paper with the £ 2JV (0, « ) arguments of Ref . 1 and 
another earlier paper. 

III. PROOF OF THEOREM 2 

Assume throughout this section that the hypotheses of Theorem 2 are 
satisfied. 

Let Qj(t) be defined on [0, « ) by 

Jj\') 
= *(« + £), t£{t\t^0Jj(t) = 0} 

for j = 1, 2, ••• , N; and let q(t) denote the diagonal matrix 
diag [qi(t),q 2 (t), •■■ , ffir(0]- Then 

g (t) = f(t) + f k(t - T)q(r)f{r)dr, t ^ 0. 

Let a be an arbitrary positive number, and for each nonnegative 
integer n let o (n) (t) be defined on [0, °o ) by 

g {n) (t) = g(t), na ^ t < (n + 1)« 

= 0, ^ t < na and t ^ (n + l)o. 

Lemma 1: For each integer n ^ 0, £ 2 jv (0, » ) contains a unique element 
f n) such that 

(i) f n) (t) =0, OgKna 
(«) ^->«) = f {n) (t) + f k(t - r)q(r)f M (r)dr, f 2E 0. 

Proof o/ Lemma 1: 

Clearly o (n) £ £ 2 iv(0, °o ) for w ^ 0. Let I denote the identity operator 
on £ 2 jv(0,°o ), and let K and Q denote the mappings of £ 2 w(0,=c ) into 
itself defined by 3 
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(Kfc)(0 = f kit - T)h(r)dT, t ^ 

(Qh)(t) = ( qi (t)hi(t), Q2(t)h(t), ■■■ , q N (t)h N (t))', t ^ 

where h is an arbitrary element of £* N (0, oo ) . 

According to Lemma 5 of Ref. 1, the operator [I + J (a + /3)K] 
possesses an inverse on £*x (0, *> ) . Thus the functional equation 

g (») = fcM + KQfcW h (n) £ £ 2N (0,°o) 

can be written as h = T/i (n) , in which T is defined by 

Th ln) = [1 + l(a + /3)K]~V w) 

- [I + i(a + /3)K]-'K[Q - H« + 0)I]h ln) . 

Using the bounds of Lemma 5 of Ref. 1, and the fact that a ^ qj(jt) ^ /3 
for j = 1,2, • • • , N and / ^ 0, it can easily be shown that T is a con- 
traction mapping of £o.v (0, °c ) into itself. Thus, it follows from the 
contraction-mapping fixed-point theorem that £2,v (0, °o ) contains a 
unique element / (n> which satisfies condition (ii) of the lemma. 
Since [I + \{a + /3)K] _1 is necessarily causal, and 

/ (n) = lim T m 6, 

m-*oo 

in which 6 is the zero-element of £2^(0, •»), we see that / (n) = for 
^ t < na and n > 0. 

Lemma 2: Let f be the associate of g {n in accordance with Lemma 1. 
Then 



fit) = £/ (n) (0, t ^ 0. 



Proof of Lemma 2: 
Let 



fit) = Z/ (n) (0, t^o. 

n=0 

Then 

git) = fit) + [ kit - T)q(T)f(r) rfr, / ^ 

and hence 
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= [f(t) - f(t)] + (' kit - r)q(r)[fir) - fir)] dr, t > 0. (1) 

Theorem 1 implies that if — f) e £ 2 at(0,=c) and that ||/ - / 1| = 0. 
Since the integral in (1 ) must therefore vanish for t ^ 0, we have 

fit) = fit) for t ^ 0. 

Lemma 3: Let f n) be the associate of gr (n) in accordance with Lemma 1. 
Then there exists a positive constant fi which depends only on k, a, and /3 
such that 

l// n) (OI ^ \g/ n) (t)\ 

+ (1 + t - na)~*fl(l + afiNafmax sup \ g-"\t)\, 



t ^ na 



for j = 1, 2, • • • , N and every n ^ 0. 

Before proceeding to the proof of Lemma 3, it is convenient to state 
the following result, which is easily provable with the aid of Parseval's 
identity, the well-known extremal property of the largest eigenvalue of 
a Hermitian matrix, and the Schwarz inequality. 

Lemma J,: Let w e 3Z 1N 0C 2 * , z e £ 2 n (0, oo ), and 

yit) = I w it- t)z(t) dr for t ^ 0. 

Then: 

ii)yt;£ 2N iO,«>) 

Hi) with Wija) = I wit) e~ iat dt (-00 < u < «), 

|| y || ^ sup A{W ijco)}\\ z \\ 

— 0O<G)<OO 

(iii)\yn(t)\ *(Z f\w nm it)\ 2 dt) || Z || 

\m=l J / 

for t ^ and n = 1, 2, • • • , N. 

Proof of Lemma 3 

Let n denote an arbitrary nonnegative integer. 
Since 

</»>«) = /W(i) + f kit - r)qir)f {n) ir) dr, t*0 



(2) 
t ^ 
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it is certainly true that for each positive integer p 
(1 + t - na) p g M (t) « (1 + t - na) p f w (t) 

+ / k(t - t)[(1 + t - no) 

4- (* - r)] p g (r)/ (n) (r) dr, 1^0 

or, what is the same thing, 
h(pJL) = (1 +t-na) p f (n \t) 

+ / fc(« " r)g(r)(l + r - na) p f {n \r) dr, 

in which 

h(p,t) = (l+<- wa)V B) (0 

^o (p — m)!m! Jo 

.g(r)(l + r - na) M / (B) (r) dr, « ^ 0. 

From Lemma 4, our assumption that tk e 3Z JN , and the fact that 
f {n) £ £2n(0, oo ), it is clear that h(l,- ) £ £2jv(0, °o ). A direct application 
of Theorem 1 to (2) with p = 1 shows [recall that a ^ qj{t) ^ /3 for 
t ^ and j = 1, 2, • • • , N] that (1 + t - na)f {n) e £ 2N (0,<x>) and 
that there exists a positive constant c x that depends only on k, a, and 
such that 

||(1 + *- na)f (n) \\ g Cl ||Ml,-)l|. 

Since by assumption tk e 3Zw , this argument can be repeated for 
p = 2. Thus, (1 + t - na)Y n) e £w(0,«>) and 

||(l + «-na) 2 / (n) || ^c 1 \\h(2,-)\\. 

Using Lemma 4, our assumption that t r k e 0C 2 Ar(r = 0,1,2), (2) with 
p = 2, our bounds on || (1 + t - no)/ (w) || and ||(1 + * - na) 2 / (B) II, 
and the fact that ||/ ( " || ^ ci|| g ln) \\, it is a simple matter to show that 
there exist positive constants c- 2 , c 3 , and c* , each depending only on 
k, a, and 0, such that 

If/"' (01 ^ I ^""(O! + (1 + < - nar*M(l + < - «a)V n) ll 
4- c,|| (1 + t - /mV'll 4- c 4 || o (n) ||], « ^ na 

for .7 = 1,2, ■■■ ,N. 
Since 
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||0 (n) || £ ||(1 + t - na)g (n) \\ £ ||(1 + t - na) 2 g (n % 
and 
|| (1 + «- na)V n) || ^ (l + a) 2 |U (n) || 

= (1 + 



a(n+l)a \J 

£ (1 + a) 2 (Na) h max sup | g/ n) (t) | , 

J *>o 



we have, with Q, = c-> + Cz + Ca , 

|/, (B> (0I ^ |«fi w (OI 

+ (1 + t - na)~*a(l + a) 2 (iVa) 5 max sup \g/ n) (t)\, 

i (go 

t ^ na 

for j = 1, 2, • • • , N. This proves Lemma 3. 

Let t satisfy ma ^ t < (m + l)a where m is an arbitrary nonnega- 
tive integer. Then, by Lemmas 1, 2, and 3 

fit) = £/ (B) (0 = E/ (B) (0, 

n =0 » =0 

and 

m 

|/y(0|s El//" } (0I 

71=0 

*\9j l *(t)\ 



-f c 5 (a) max sup | gs(t)\J2 {I + ma - na) 

j t g n =0 

fori = 1, 2, • • • , N > m which 

c 6 (a) = 12(1 +a) 2 (ATa) i . 

Let 

C(a) = E (1 4-na)" 2 . 

71=0 

Since 

Yj (1 + ma - na) -2 < 1] (1 + na) , 



-2 
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we have 

|/y(OI ^ sup I 0/(01 + c 5 (a)c 6 (a) max sup | g t (t)\ 
t g o / 1 2 o 

for ei>er«y integer w ^ (and hence every t ^ 0) and ,/ = 1, 2, • • • , N. 

Tlierefore 

max sup |/j(/)| = [1 + Cb(a)ce(a)] max sup | Qi(t)\. 

j t^o i /go 

Now suppose that gfy(<) — > as 2 — » » for j = 1, 2, • • • , N. We will 
show that for each e > there exists a U > such that | /, (/ ) | < e 
for/ > U and j = 1,2, •■• ,N. 

Let e > be given, and again consider the relation 



fit) = Z/ (n> «). 

n=0 



Since 



£ I//" 1 (01 ^ max sup | g,(t)\\l + c 5 (a) E (1 + n,a - na) 2 ] 

^ max sup | <?,(/) |[1 + c b (a)c 6 (a)] 

j <£«!« 

for nia ^ «2a ^= £ < (W2 + 1 )o, with «i and n 2 positive integers, it is 
clear that there exists a positive integer n A such that 

E \f/ n) (t)\ < h for / ^ n,a and j = 1, 2, • • • , AT. 

From the inequality 

"£ I//"' (01 ^ c 6 (a) max sup | g,(t)\ £ (14- t - na)" 2 , / ^ »3a 

,,=0 f *£0 n=0 

it is evident that there exists a positive integer n 4 > n 3 such that 

("3-D 

Z l// n) (0l < i« for t > n A a and j = 1, 2, • • • , N. 



7=0 

Thus 



\fj(t)\ ^ Z |//" } (0I < « for / > n 4 a and j = 1, 2, • • • , .V 

H=0 

This completes the proof of Theorem 2. 
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Remarks: 

With regard to the hypotheses of Theorem 2, it can easily be verified 
that if the elements of k are uniformly bounded on [0,°o), then the 
assumption that / e E> N can be replaced by / c 3C N (0, « ) with locally 
integrable elements. 

In most cases of interest the elements of t p k are uniformly bounded 
on [0,oo ) for p = 0,1,2. In such cases t'k e X lN H 3Z 2N for p = 0,1,2 
provided that / k e JCuv . 

IV. an application: a frequency-domain condition FOR THE £„- 

STABILITY OF FEEDBACK SYSTEMS CONTAINING A SINGLE TIME-VARY- 
ING NONLINEAR ELEMENT 

In a recent brief, 2 a two-part sufficient condition is given for the 
£ w -stability of a well-known type of feedback system containing a 
single time- varying nonlinear element. In another publication, condi- 
tions are presented for the £ 2 -stability of the same type of feedback 
system. Unlike the conditions for £ 2 -stability of Ref. 4, which are ex- 
pressed entirely in the frequency domain, the key condition of Ref. 2 
for £„-stability is that the integral of the modulus of a certain function 
be less than unity. 

A direct application of Theorem 2 shows that under somewhat 
stronger assumptions than those of Ref. 2 or Ref. 4 concerning &(•)> 
there the impulse-response function of the linear time-invariant portion 
of the forward path, the conditions given for £ 2 -stability are also suffi- 
cient conditions for £=o-stability. Specifically, the following result is a 
direct consequence of Theorem 2. 

Theorem 3: The feedback system described in Ref. 2 is £ K -stable if 

(i) I" I t p k(t) \dt < oo and [ | fk(t) \*dt< * for p = 0, 1, 2 

poo 

(ii) with K(s) = / k(t)e- >l dt for a ^ 0, 
J o 

(o) 1 + i(« + P)K(s) ^0 for a ^ 

(6) J(|8 - a) max | tf(ico)[l + *(« + fi)K(i»)V\ < 1. 

— 00<U<00 

Part (b) of (ii) above is a weaker condition than the condition of the 
theorem of Ref. 2 that it replaces [i.e., (ii) of Ref. 2]. From an engineer- 
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ing viewpoint condition (ii) above possesses an interesting frequency- 
domain interpretation. 4 ! 

V SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS OF SOLUTIONS OF 
THE DISCRETE ANALOG OF THE INTEGRAL EQUATION CONSIDERED IN 
THEOREM 2 

Sufficient conditions for the boundedness of the solutions of the dis- 
crete analog of the nonlinear integral equation considered in Theorem 
2 can be obtained by modifying in a straightforward manner both the 
arguments presented in Section III and the arguments of Ref. 1 that 
lead to Theorem 1. In order to state the result (Theorem 2', below) 
we need some notation. 

Let 2 denote the set of nonnegative integers. Let 3Cat be the set of real 
Af-vector-valued functions defined on 2, and let the jth component 
of / £ 3Cjv be denoted by fj . Let 

£ xN = [f \f eX N , sup [f'(n )/(«)] < oo}, 

n SO 

00 

£ 2 * = i/|/f 3C.v, T,f'(n)f(n) < co), 



and 



f\\~ = (XY (»)/(*))* for /**#- 



With B an arbitrary real N X N matrix-valued function of n with 
elements \bi, n (n)} defined on H, let X p n(p = 1,2) denote 

\B\ Z\b lm (n)\ p < * (l,m= 1,2, .. ,N)\. 
«=o 

Let <p[f(n),n] denote 

(spi i/i (» ) »«] #»[f» (» ) i«l , • ■ ■ , ^jv[ (/w (n ) ,n] ) ' , / £ 3C W 

where £>i(M>,n),¥J 2 (i0,n), • • • , <pn(w,ti) are real- valued functions of w and 
n for — °o < if < °o and w e 2 such that 

(i) p m (0,n) = for n c 2 and m = 1, 2, • • • , N 

(ii) there exist real numbers a and /3 with the property that 

t We take this opportunity to correct the result of a typographical error: In 
the first inequality on page 1606 of Ref. 4 the "<" sign should be replaced by 
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a ^^n)^ ( m = l,2,...,iV) 
w 

for all real w j* and n e S. 
Theorem 2': Let nk e Stiif . Let 

g(n) = f(n) + £ k(n - m)<p[f (m) ,m], n e H 

IB=0 

where g £ <£»* and f e 3Cx . Let 

K(s) = T J k{n)e~ an , a ^ 0. 

Suppose that 

(i) det [1 N + §(a + 0)fc(O)] ^ 0, and 

de* [1* + h(a + 0)#(s)] ^ 0/or cr ^ 
(tt) 1(0 - a) sup A\[U + i(« + /^Mf^M} < 1. 

— X < (J < T 

TTierc / f £»# , there exists a positive constant c which depends only on 
k, a, and /3 such that 

max sup \fj(n)\ ^ c max sup \gj(n)\, 

awrf /y(n) -> as ro -» * /or j = 1, 2, ■ ■ • , iV whenever gj(n) -* as 
n ^ co for j = 1,2, ■■■ ,N. _ 

In the statement of Theorem 2' we have used the fact that w p A; £ 3C W fi 
3C 2 w for p = 0, 1, 2 provided that w 2 fc £ JCi* . 

The result analogous to Theorem 1 is the following theorem. 

Theorem l': Let k e 3Ciat , and let 

g(n) = f(n) + £ kin - m)<p\f (m) ,m], n £ H 

m=0 

w/iere g £ £zn and f £ 5C N . Let 

K(s) = T,k(n)e- sn , a ^ 0. 

11=0 

Suppose that 

(i) det [l N + 1(<* + 0)fc(O)] * 0, and 

dd DLjr + *(« + £)#(*)] * 0/or <r £ 0. 
(tt) 103 - a) swp A{[1* + l(a + P)K{iu)Y l K(iu)} < 1. 

— JT < U < JT 
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Then f £ £ 2N , and there exists a positive constant p which depends only on 
k, a, and such that 

11/11- £pII<? II-. 

VI. SOME ADDITIONAL RESULTS 

Arguments very similar to those of Section III and the proof of the 
lemma of Ref. 5 can be used to establish the following result, which is 
of direct interest in the study of the properties of solutions of systems 
of differential equations. 

Theorem 3: Let t p k £ OCuv H X 2N for p = 0, 1, 2. Let Q(-) denote a real 
measurable N X N matrix -valued junction of t defined on [0, oo ), and let 
the elements of Q(t) be uniformly bounded on [0, °° ). Let 

git) = fit) + / Ht - t)Q(t)/(t) dr, t ^ 

•'o 

where g £ £ xN (0, w ) and f £ S lV . With 

K(ico) = [ k(t)e~ iu ' dt for - oo < u < oo, 
Jo 



let 



sup A\Q(t)} sup A\K(iu})} < 1. 

«>0 — »<u<oo 



Then f £ £oeiv(0,=o ), there exists a positive constant c which depends only 
on k ( • ) and Q(-) such that 

max sup \fj(t)\ ^ c max sup \ gj(t)\, 

j <g0 ; ISO 

and fj(t) —* as t — * r -c for j = 1, 2, • • • , N whenever gj(t) — » as 
t-* ™forj = 1,2, ■•■ ,N. 

Theorem 3 remains valid if the sets SZin , K.2N , •£oo*(0, °o ), and & N 
are replaced with their natural complex extensions, and Q(-) is per- 
mitted to be complex valued. 

A result that can easily be proved with the aid of Theorem 3 (see the 
proofs of the theorem and corollary of Ref. 5) is as follows. 

Theorem J t : Let \J/(- , • ) be as defined in Section I with N = 1 and a > 0, 
and let f be any real-valued function of I defined and twice differentiable on 
[0, co ) such that 
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where g(t) is uniformly bounded on [0, oo). Suppose that a is a real con- 
stant such that a > \/@ — y/a. Then f(t) is uniformly bounded on 
[0, oo ),andf(t)->0 as t-> =c ifg(t)->0a8 «-> ». 

The following theorem, which can be proved with arguments very- 
similar to those of Section III and the proof of Theorem 5 of Ref. 1, 
is of immediate interest in the theory of stability of electrical networks 
containing time- varying capacitors. 

Theorem 5: Let t p k e Xik fl JC 2 jv for p = 0, 1,2. Let B denote a constant 
real N X N matrix, and let ai(t),<h(t), ••• , a*(t) denote real-valued 
measurable functions of the real variable t for t ^ with the property that 
there exist real constants a and (3 such that 

a ^ a n (t) ^ (n = 1,2, ••• , N) 

for t ^ 0. Let A (t) = diag [oi(0,«2(0> • * * . a«(0] f or t ^ 0, and. let 

g(t) = Ait) fit) + Bf(t) + [ kit - r)f(r) dr, t ^ 

where g e £ xN (0, oo ) andf e S* . Suppose that 

(») det [\{a + 0)l N + B] * 0, del [A (t) + B] * Ofor t ^ 0, 

and sup A{[A(t) + B}' 1 } < *>; 
t so 

and that, with 

K(s) = f k{t)e- >l dt for a ^ 0, 
Jo 

(ii) det [J(« + 0)1* + B + K(s)] * Ofor a ^ 

(in) \(fi - a) sup A{[f(« + 0)1* + B + Kiito)]' 1 } < 1. 

— ao<<i)<oo 

7%en / e £ M Ar(0,oo ), Mere extste o positive constant c which depends only 
on A(-), B, and k such that 

max sup |// (01 = c max SU V I 0/(0 li 

j tgo y *so 

and //(0 -> as * -» ™ for j = 1, 2, • • ■ , AT whenever gj(t) -* as 
«-»« /or ; = 1,2, ■•• ,AT. 

Theorem 5 remains valid if the sets X iN , K21* , £»* (0, oo ) and E> N 
are replaced with their natural complex extensions and B is permitted 
to be complex valued. 



NONLINEAR INTEGRAL EQUATIONS 453 



REFERENCES 



1. Sandberg, I. W., On the £2-Boundedness of Solutions of Nonlinear Functional 

Equations, B.S.T.J., 48, July, 1964, p. 1581. 

2. Sandberg, I. W., A Condition for the £ M -Stability of Feedback Systems Con- 

taining a Single Time-Varving Nonlinear Element, B. S.T.J. , 48, July, 1964, 
p. 1815. 

3. Bochner, S., and Chandrasekharan, K., Fourier Transforms, Princeton Uni- 

versity Press, Princeton, New Jersey, 1949, p. 99. 

4. Sandberg, I. W., A Frequency-Domain Condition for the Stability of Feed- 

back Systems Containing a Single Time-Varying Nonlinear Element, 
B.S.T.J., 48, July, 1964, p. 1(501. 

5. Sandberg, I. W., On the Solutions of Systems of Second-Order Differential 

Equations with Variable Coeflicients, to appear in the SIAM Journal on 
Control, Vol. 2, No. 2. 
G. Sandberg, I. W., A Stability Criterion for Linear Networks Containing Time- 
Varying Capacitors, to appear in IEEE-PTGCT, March, 1965. 



